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Recent quantum reconstruction projects demand pure unitary time evolution which seems to
contradict the collapse postulate. A natural unitary realization of wavefunction collapse is built
using Grothendick group construction for the tensor product commutative monoid. Envariance and
quantum Darwinism are key ingredients in the proof.
INTRODUCTION
In standard quantum mechanics textbooks, one of the
quantum mechanics postulates is that a quantum system
has two kinds of time evolution: a unitary time evolution
in between measurements, and a non-unitary sudden col-
lapse of the wavefunction after a measurement. From a
Bayesian point of view, the reduction of the wavepacket
is not at all problematic because it is viewed as a mere
information update. However, this is only one of the sev-
eral interpretations of quantum mechanics and this pure
epistemic point of view is not universally accepted.
A unitary explanation of the non-unitary collapse looks
like a contradiction of terms and to complicate things fur-
ther we will first argue against the spirit of the Bayesian
approach to justify why non-unitary time evolution is
problematic, and then we will present the solution which
will vindicate the epistemic point of view. We will show
that the standard quantum mechanics formulation is ig-
noring a critical mathematical structure. This is not un-
like how writing ict in the special theory of relativity is a
consequence of ignoring the metric tensor. The missing
mathematical ingredient will turn out to be the so-called
Grothendieck group [1].
THE PROBLEM OF NON-UNITARY TIME
EVOLUTION
At first sight, the epistemic approach is free of prob-
lems and the quantum Bayesian interpretation has a self-
consistent explanation to all challenges. Therefore it
seems misguided to find any fault with non-unitary time
evolution for the case when it can be understood as in-
formation update. However, the challenge comes from
a completely unexpected direction: the efforts to recon-
struct quantum mechanics from first principles. Inspired
by a groundbreaking result in the 70s [2], two very similar
category theory approaches were recently independently
proposed: [3, 4]. The core idea is that of system composi-
tion using a tensor product. From this quantum mechan-
ics can be recovered and the tensor composition demands
very early on the so-called Leibnitz identity in the Lie-
Jordan formalism to quantum mechanics. The problem
is that in state space this corresponds to unitarity. Cit-
ing Landsman[5] here is a dictionary of correspondence
between pure states and algebras of observables:
Pure state space Algebra of observables
transition probabilities Jordan product
Poisson structure Poisson bracket
unitarity Leibnitz rule
TABLE I. From pure states to algebras of observables
Therefore rejecting unitarity breaks the Leibnitz iden-
tity. But this is a very serious problem under any cir-
cumstances including the case where this can be inter-
preted as information update. What category theory
derivation of quantum mechanics shows is that any viola-
tions of Leibnitz identities completely destroy the entire
formalism of quantum mechanics: one cannot speak of
hermitean operators or Hilbert spaces anymore, before
or after measurement. Hence the problem is fatal, and
not a mere quantum mechanics interpretation disagree-
ment. The consequence is that the collapse postulate
breaks the logically consistency of the quantum mechan-
ics postulates when it is understood as non-unitary time
evolution.
However, in category theory a solution naturally
presents itself and it is based on a God-given mathemat-
ical property of quantum mechanics which does not exist
in classical physics: an equivalence relationship which
will allow creating an inverse operation which will natu-
rally realize the collapse effect.
GROTHENDICK CONSTRUCTION
Quantum mechanics can be recovered from the exis-
tence of the tensor product and the tensor product obeys
all properties of a commutative monoid. A standard
mathematical procedure in category theory is construct-
ing a group from a monoid. This procedure is called the
Grothendieck group construction [1] and is the funda-
mental construction of K-theory.
The simplest way to understand it is seeing it at work
constructing the integer numbers Z given the natural
numbers N and the addition operation +. By itself, this
2is not enough, otherwise there would be no additional
properties of Z compared with N so there must be an
additional ingredient. What is needed is an equivalence
relationship which uses only the monoid operation +.
For example in this case we can see that 3 + 7 = 4 + 6
and this can be made into an equivalence relationship in
a unique way. Any equivalence relationship obeys the
reflexivity, symmetry, and transitivity properties. From
3 + 7 = 4 + 6 we see that we need at least four elements
which reduces to two in case of reflexivity: a+ b = a+ b.
Thus we are led to form a Cartesian product of the origi-
nal monoid with itself: N×N and then define an abelian
group as this Cartesian product up to an equivalence
relationship ∼. Then a positive element p ∈ Z is un-
derstood as the following equivalent collection of pairs:
{(p, 0), (p + 1, 1), · · · } and a negative element n ∈ Z is
understood as the following equivalent collection of pairs:
{(0, n), (1, n+ 1), · · · }. Because of the transitivity prop-
erty of the equivalence, the definition of the equivalence
relation is a bit more complex. We call two pairs (a, b)
and (c, d) equivalent if a+d+k = b+c+k for an arbitrary
k.
EQUIVALENCE RELATIONSHIP FROM SWAP
SYMMETRY
In quantum mechanics, there is a swap symmetry
known as envariance [6] which gives rise to a nontrivial
equivalence relationship. The original name is derived
from the role of the environment, but the environment
is just a label in this case with no particular meaning
attached.
Citing Zurek [6], here is the definition of envariance:
“When a state |ψSE〉 of a pair system S, E can be trans-
formed by US = uS ⊗ 1E acting soley on S, US |ψSE〉 =
(uS ⊗ 1E) |ψSE〉 = |ηSE〉 but the effect of US can be un-
done by acting solely on E with an appropriately chosen
UE = 1S ⊗ uE : UE |ηSE〉 = (1S ⊗ uE) |ηSE〉 = |ψSE〉 ”.
Then we can introduce the Grothendick group of the
composability abelian monoid with the group operation
the tensor product (for details see Appendix 1).
WAVEFUNCTION COLLAPSE AND THE
GROTHENDIECK GROUP
Now we have all the ingredients needed to explain (for
all practical purposes) the experimentally observed wave-
function collapse. It is well known that a Hilbert space
is only characterized by its dimensionality (for interest-
ing properties we need to investigate operator algebras).
Tensor composition increases the Hilbert space dimen-
sionality and measurement reduces it.
With Grothendieck’s composability group the collapse
puzzle is solved: before measurement, the wavefunction
is one particular element from its equivalence class, while
after measurement the “collapsed” wavefunction is sim-
ply another particular element of the equivalence class.
The evolution is pure unitary and the apparent missing
information gets transferred to the environment degrees
of freedom. The switch of the particular representative
from the equivalence class can be understood as Bayesian
information update.
There is only one more puzzle to solve: why is a partic-
ular unique wavefunction is picked before and after mea-
surement from the infinite number of equivalent possibil-
ities? This question can be posed as the measurement
problem.
The answer is that a measurement (understood as a
selection of a particular outcome or particular wavefunc-
tion) is not a primitive operation, but physically requires
enormous amplification effects. We are naturally led to
Zurek’s Quantum Darwinism [9] answer for this problem.
The unique measurement outcome (and the unique repre-
sentative of the collection of infinite equivalent elements)
is what succeeds to get amplified. Born rule and random-
ness can be derived by Quantum Darwinism arguments.
Grothendick group of the tensor product, envari-
ance [6] as an equivalence relationship, decoherence[7],
einselection[8] and quantum Darwinism[9] solve the mea-
surement problem in a fully unitary way.
We can make some further observations. We may be
tempted to regard the negative elements of the compos-
ability group as “information sinks” but this is incorrect
since there is no physical interaction between the positive
and negative sides of the Cartesian product which makes
the group elements. The components of the composabil-
ity group elements are just abstractions which have to be
understood from an instrumentalist point of view. This
is not at all unusual. Has anyone ever seen negative three
apples? Negative operations by themselves need an in-
strumentalist explanation: minus three means that if I
have eight and take away three I am left with five. Hence
all quantum mechanics interpretations using the collapse
postulate must be instrumentalist/epistemological. (Al-
though the value of consistently reasoning about an in-
consistent system is debatable.)
Another observation is that we only need to under-
stand the very first stage of the measurement process in
order to explain information hiding. Let us illustrate this
using Mott’s problem [10] and the infamous Schro¨dinger’s
cat problem. In Mott’s problem the question is why a
spherically symmetric wavefunction of a particle results
in linear tracks in a cloud chamber? The answer is that
after the very first atom is ionized, the subsequent ioniza-
tion track can only be in a straight line and hence we only
need to understand how the first ionization takes place.
Similarly, in a Schro¨dinger cat scenario, there is never a
superposition of a dead and alive cat and writing |cat〉
as a wavefunction is nonsensical due to obvious supers-
election rules. Given the experimental result, we do not
3need to hide “the other cat” in the environment degrees of
freedom, or split the world in two branches. Instead, just
like in Mott’s problem, it is part of the original wavefunc-
tion describing the radioactive decay which needs hiding
in the environmental degrees of freedom, and the rest is
just a large amplification effect.
The number of degrees of freedom of the environ-
ment does not have to be large, and “quantum infor-
mation bleaching” of a d-dimensional Hilbert space can
be achieved by with an ancilla of dimension at least d2.
Moreover, it is possible to recover the original informa-
tion by performing local operations on the ancilla [11].
Evolution in quantum mechanics is always determin-
istic, but the apparent randomness and Born rule can
be obtained from envariance [6]. Quantum randomness
is a price we have to pay for the emergence of classi-
cal reality, otherwise there will be no distinction between
classical and quantum composability when quantum me-
chanics generates emergent classicality.
Stability of the pointer bases, the apparent reduction
of wavefunction, lack of superposition states at macro-
scopic levels, massive copies of classical information, are
complex effects involving the environment in an essential
way, but ultimately completely explainable in the quan-
tum mechanics formalism with only unitary evolution.
Last, in the classical case there are no nontrivial equiv-
alence relations in the phase space of classical mechanics
and hence there is no intrinsic collapse mechanism there
and a Bayesian knowledge update corresponds only to a
genuine ignorance interpretation.
CONCLUSION
Category theory quantum mechanics reconstruction
approaches for the finite dimensional case demand pure
unitarity time evolution and this runs contrary to the
usual understanding of the collapse postulate as non-
unitary time evolution. A natural solution presents it-
self in this approach and in conjunction with Zurek’s
program this solves the measurement problem. Various
quantum mechanics interpretations will have to answer
to the challenge of this result. In particular, it is right
away apparent that the many-worlds interpretation [12]
is rejected. However Everett spirit of “let quantum be
quantum” lives on strongly in the category reconstruc-
tion approach.
APPENDIX 1
In this appendix we establish the usual properties of
an equivalence relationship (reflexivity, symmetry, and
transitivity) in case of swap symmetry. Let us start by
formally defining the equivalence relationship. We call
two pairs of a Cartesian product of wavefunctions equiv-
alent:
(|ψ〉p, |ψ〉n) ∼ (|φ〉p, |φ〉n) (1)
if given any unitary transformation Up acting on the left
element (|ψ〉 , ·) there exists a unitary transformation Un
acting on the right element (·, |ψ〉), a wavefunction |ξ〉,
and a unitary transformation Uξ such that:
|ψ〉p ⊗ |φ〉n ⊗ |ξ〉 = (Up|φ〉p)⊗ (Un|ψ〉n)⊗ (Uξ |ξ〉) (2)
The need for an ancilla |ξ〉 is coming from the transitiv-
ity property and will be dropped for the reflexivity and
symmetry property proofs to simplify the argument.
Reflexivity
To prove reflexivity we need to show that: (|a〉 , |b〉) ∼
(|a〉 , |b〉) This means that for any Up, exists a Un such
that
|a〉 ⊗ |b〉 = (Up |a〉)⊗ (Un |b〉) (3)
and this is the original definition of envariance with
the positive elements the system and the negative ele-
ments the environment. The proof is by Schmidt de-
composition [6]: for any Up =
∑N
k=1 e
iφk |ak〉 〈ak| we
have Un =
∑N
k=1 e
−i(φk+2pilk) |bk〉 〈bk| where |a〉 ⊗ |b〉 =∑N
i=1 λi |ai〉 |bi〉 and lk arbitrary natural numbers.
Symmetry
Suppose that (|a〉 , |b〉) ∼ (|c〉 , |d〉). This means that
given any Up there exists Un such that:
|a〉 ⊗ |d〉 = (Up |c〉)⊗ (Un |b〉) (4)
To prove symmetry we need to show that (|c〉 , |d〉) ∼
(|a〉 , |b〉) is true as well. Then given any Vp there exists
a Vn such that:
|c〉 ⊗ |b〉 = (Vp |a〉)⊗ (Vn |d〉) (5)
Using Eq. (4):
(Vp |a〉)⊗ (Vn |d〉) = (VpUp |c〉)⊗ (VnUn |b〉) (6)
and want VpUp = 1 and VnUn = 1. Observing that Un =
Un(Up), for any Vp, pick Up = V
−1
p and then Vn(Vp) =
U−1n = U
−1
n (V
−1
p ).
4Transitivity
For transitivity, we need to show that if (|a〉 , |b〉) ∼
(|c〉 , |d〉) and (|c〉 , |d〉) ∼ (|e〉 , |f〉) then (|a〉 , |b〉) ∼
(|e〉 , |f〉)
From the first equivalence, given any Up, there exists
Un, |ξ〉, and Uξ such that:
|a〉 ⊗ |d〉 ⊗ |ξ〉 = (Up |c〉)⊗ (Un |b〉)⊗ (Uξ |ξ〉) (7)
and that given any Vp, there exists Vn, |η〉, and Vη such
that:
|c〉 ⊗ |f〉 ⊗ |η〉 = (Vp |e〉)⊗ (Vn |d〉)⊗ (Vη |η〉) (8)
We need to show that given any Wp, there exists Wn,
|χ〉, and Wχ such that:
|a〉 ⊗ |f〉 ⊗ |χ〉 = (Wp |e〉)⊗ (Wn |b〉)⊗ (Wχ |χ〉) (9)
From Eqs. (7) and (8), we have:
|a〉 ⊗ |f〉 ⊗ (|d〉 ⊗ |c〉 ⊗ |ξ〉 ⊗ |η〉) = (10)
(Vp |e〉)⊗ (Un |b〉)⊗ [Up |c〉 ⊗ Uξ |ξ〉 ⊗ Vn |d〉 ⊗ Vη |η〉]
Now given any Wp pick Up = Vp = Wp. Define Wn =
Wn(Wp) = Un(Up) = Un(Wp). Then we have:
|χ〉 = |d〉 ⊗ |c〉 ⊗ |ξ〉 ⊗ |η〉 (11)
and
Wχ |χ〉 = Vn |d〉 ⊗ Up |c〉 ⊗ Uξ |ξ〉 ⊗ Vη |η〉 (12)
which defines the unitary transformation Wχ:
Wχ = Vn(Wp)⊗Wp ⊗ Uξ ⊗ Vη (13)
This concludes the proof of transitivity and Eq. (2)
defines an equivalence relationship which in turn allows
us to construct the Grothendieck group of composability.
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